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Abstract— Robust statistical methods have become increasingly important in the presence of contaminated data, particularly in
regression-based goodness of fit testing. The classical coefficient of determination is highly sensitive to deviations from assumptions
such as normality and the absence of contaminated data. To address this limitation, this study investigates the properties of a robust
coefficient of determination derived from the Qn estimator, which is a high-breakdown-point scale estimator. This research focuses on
the behaviour of the sampling distribution under the standard logistic distribution with varying contamination structures. A
comprehensive simulation study is conducted under different sample sizes, contamination levels and distributions of the contaminants.
Bootstrap bias-corrected and accelerated (BCa) confidence intervals are constructed to evaluate the estimator’s statistical properties
in the presence of contaminated data. Results demonstrate that contamination significantly influences skewness and variability,
although the estimator remains bounded and robust.
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[. INTRODUCTION

Goodness of fit test is essential in statistical modelling to
determine whether observed data conform to a specified
theoretical distribution [1]. Regression-based approaches are
commonly used due to their simplicity and interpretability,
where the relationship between ordered observations and
theoretical quantiles is measured using correlation-based
metrics, such as the coefficient of determination.

Due to its widespread use, the classical coefficient of

contaminated data. This limitation has motivated the
development of robust correlation measures that remain stable
under deviations from classical assumptions [2].

The Qn estimator, a highly robust and efficient statistical
measure of scale proposed by Rousseeuw and Croux [3],
provide an effective alternative due to their high breakdown
point and resistance to outliers. It has a 50% breakdown point,
high Gaussian efficiency (82%), and does not require a prior
location estimate, making it effective for skewed data.

determination is highly sensitive to outliers and contamination.
It can be significantly distorted even by a small proportion of
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Furthermore, the Qn estimator, designed as a superior
alternative to the Median Absolute Deviation (MAD), is

121


https://doi.org/10.33102/mjosht.574

particularly suitable for constructing robust measures of scale
and correlation.

Recent studies have further expanded the field of robust
correlation. For instance, robust inference methods under
heterogeneous data conditions have been explored in
econometric contexts [4], while high-dimensional robust
correlation estimation has gained attention in modern statistical
applications [5]. Additionally, real-time and streaming data
scenarios have motivated the development of fast robust
correlation estimators [6]. Researchers are also interested in
investigating the sampling properties, as well as the confidence
intervals of the coefficient of determination and the adjusted
coefficient of determination [7] — [16].

Even with these advances, the behaviour of the coefficient
of determination based on the Qn estimator under contaminated
distributions remains insufficiently explored. Hence, this study
aims to fill this gap by analysing the sampling distribution of
the coefficient of determination based on the Qn estimator
under various contamination scenarios, such as different
sample sizes, contamination levels and the distribution of the
contaminants. Bootstrapping BCa is used to investigate
whether the estimator remains bounded and stable under
contamination [17] —[19]. In this study, the logistic distribution
is considered as it is commonly utilised in statistical modelling
due to its flexibility and heavier tails compared to the normal
distribution. Its probability density function is symmetric, but
the presence of heavier tails makes it more sensitive to extreme
observations. This property makes the logistic distribution
particularly suitable for studying the robustness of statistical
estimators [20] — [21]. Since the standard logistic distribution
is foundational for logistic regression, modelling, and growth
processes, it serves as an appropriate framework for evaluating
the performance of robust estimators.

II. METHODOLOGY

This section briefly introduces the standard logistic distribution
and presents the generation of the coefficient of determination
based on Qn for the standard logistic distribution. It is then
followed by the bootstrapping of confidence intervals for the
mean and standard deviation of Rén.

A. Standard Logistic Distribution

The logistic distribution is widely applied in growth
modelling and serves as the foundation for logistic regression.
In probability theory and statistics, it is classified as a
continuous probability distribution without a shape parameter.
Consequently, its probability density function (pdf) always
takes a bell-shaped curve. This curve resembles the normal
distribution but is distinguished by its heavier tails. Let x be a
random variable drawn from a logistic distribution. The
probability density function (pdf) of the logistic distribution is
expressed as:

w

f&) =

W ; —o<x <00, -0 u<oo,o<0
g e

X— .
where w =% | = location parameter and ¢ = scale

parameter; its cumulative distribution function (cdf) is
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Thus, the pdf and cdf of the standard logistic distribution are

f(x)zm

and
pe

F(x) =
) 1+e*
respectively.

B. Correlation Coefficient Based on Qy, Estimator, 1y,

Let X ={x;,x5,...,x,} . This section introduces a
correlation-based counterpart to the work of Bickel and
Lehmann [22], obtained by substituting pairwise averages with
pairwise distances, resulting in:

med{|x; — x;|:i < j}.
The Q,, estimator can be defined as
Qn = d-med{|x; = x;|:i < j}
where d is a normalisation constant, which depends on sample

size and asymptotically d =~ 2.2219.
Furthermore, Zakaria et al. (2017) define ry as

_ Quu—Qv

"o T Q7+ Qgv =

where

_x; —med(x;) = h; —med(h;)

COV20.0)  V2Qu(h)
and

_x; —med(x;) 3 h; — med(h;)

T V20,(x)  V2Qu(h)
Hence,

Rén = Tén :

Zakaria et al. [23] verified that it is evidently not true that
|7'Qn| < 1. Thus, 1y, may sometimes be beyond +1 or -1.

C. Generation of Rén for the Standard Logistic Distribution

Let X(;)denote the it" order statistic and let T; be a set of
constants for i = 1,...,n. A regression test is a graphical
technique related to probability plots, where the order statistics
X(; are plotted on the vertical axis against T; on the horizontal
axis. A straight line is then fitted to the plotted points, and the
coefficient of determination R?is used to assess the strength of
the relationship between X(;)and T;. Refer to Maarof et al. [24]
— [26] for the details of the regression test based on R?. In this
study, a similar regression test is conducted by using the same
approximate value of T; for standard logistic distribution given
by D’Agostino and Stephens [27], that is

H; =log{i/(n + 1)}. 2

Then, each pair (X;, H;)is substituted into equation (1) for
standard logistic distribution in the previous section.
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The study advanced by simulating data to derive the
sampling distribution of Rén under contamination from the
standard logistic distribution. Specifically, the sampling
distribution of Rén is generated using logistic contaminants
(logistic (0,0.2), logistic (2, 0.2), and logistic (2,1)) as well
as a normal contaminant (normal (3,0.2)). Contamination
levels of 5%, 25%, and 50% are considered, with sample sizes
n = 20,40, and 100. For example, in the case of n = 20 with
5% logistic (2, 0.2) contamination, the sample consisted of 95%
observations from the standard logistic distribution and 5%
from the logistic (2, 0.2) distribution. The same procedure is
applied across all contamination scenarios.

In this study, introducing contamination during sample
generation is crucial for examining how sample size,
contamination proportion, and contaminant distribution
influence the confidence intervals for the mean and standard
deviation of R} . The logistic contaminants (logistic (0, 0.2),
logistic (2,0.2), and logistic (2, 1)) are selected to assess the
behaviour of confidence intervals as the location and scale
parameters of the logistic distribution increased. For the normal
contaminants, parameter values are chosen to remain
reasonably close to those of the logistic contaminants.

For cases without outliers, the following procedure is used
to calculate Rén for the standard logistic distribution:

Step 1. Using R, a random sample of order statistics
(X4, X5, ..., X,) is generated from the standard logistic
distribution with parameters u = 0 and ¢ = 1, for a sample of
size n.

Step 2. The approximate values of T;, denoted as H;, are
computed using equation (2).

Step 3. The X;’s are regressed on the H;’s, and 7y, is calculated
using equation (1). This is followed by the computation of Rén.
Step 4. Steps 1 — 3 are repeated 5000 times to generate 5000
values of Rén for the standard logistic distribution.

Step 5. Steps 1 — 4 are repeated for different sample sizes (n =
20,40,100).

For cases with outliers, the order statistics used in
calculating Rén are drawn from contaminated logistic
distributions: logistic (0, 0.2), logistic (2, 0.2), logistic (2, 1),
and normal (3, 0.2). The same simulation procedure (Steps 2 —
5) is applied, and 5000 values of Rén are obtained for
contamination levels of 5%, 25%, and 50%, with sample sizes
n = 20,40, 100.

D. Bootstrap Confidence Intervals for the Mean and
Standard Deviation of Rén

In this study, bias-corrected and accelerated (BCa)
confidence intervals are obtained through simulation using
sample sizes of 20, 40, and 100, as this method provides greater
accuracy compared with other bootstrap interval approaches.
As noted by Efron [28], BCa intervals achieve second-order
accuracy, whereas the percentile (P), bias-corrected (BC), and
asymptotic normal intervals attain only first-order accuracy.

The bootstrap procedure can be outlined as follows. Let
0*@ denote the 100-a™ percentile of the B bootstrap
estimates 8*W,0*@), .., §*®)  Then, the percentile interval
(@lo, éup) corresponding to a coverage of 1 — 2« is given by
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(élO! éup) = (9*((1)’ g*(l_a)).

A similar process is repeated 1000 times (B = 1000), after
which the means and standard errors for both the mean and
standard deviation of R are computed. In addition, 95%
confidence intervals for these quantities are constructed.

The statistic Rén , used in the bootstrap procedure, is
generated using the method described in the previous section.
All bootstrap estimates of the mean, standard deviation, and the
corresponding associated confidence intervals for the various
scenarios considered in this study are obtained via R software.

IIT. RESULTS

This section discusses the results of the bootstrap estimates
for the mean and standard deviation of the sampling
distribution of Rén, simulated under varying sample sizes,
contamination levels, contaminant distributions, and the
location and scale parameters of the generating distributions.

Firstly, simulation studies analyse the sampling distribution
of the correlation measure under contamination, sample size
variations, and different contamination levels. In cases without
outliers, the distribution becomes more skewed as sample size
increases. Meanwhile, contamination affects the mean,
standard deviation, and skewness of the sampling distribution.
In this context, logistic contaminants (5%, 25%, 50%) and
normal contaminants influence the distribution's properties.
Logistic contaminants with increased location and scale impact
the confidence interval ranges. Meanwhile, normal
contaminants tend to stabilise the distribution but still affect the
properties depending on contamination level.

In addition, this study examines how different types and
levels of contaminants affect the sampling distribution of a
statistic derived from contaminated logistic data, using the
mean, standard deviation and bootstrap confidence intervals.
As the percentage of logistic contaminants increases, the mean
of the sampling distribution decreases from approximately 0.96
to 0.86. Standard deviation increases from about 0.03 to 0.04
with higher contamination levels. Graphs become more skewed
to the left as sample size increases, especially with higher
location parameters. Generally, skewness decreases when
sample size and percentage of contaminants increase but
increases with higher distribution location and scale.
Confidence intervals for the mean and standard deviation
widen as contamination percentage and distribution location or
scale increase.

On the other hand, normal contaminants tend to improve
symmetry and reduce variability as contamination percentage
increases. The mean remains around 0.90 except at 50%
contamination, where it drops. Meanwhile, standard deviation
increases from 0.03 to 0.07 as sample size grows. Distribution
graphs become more symmetric with increased sample size and
contamination percentage. The skewness decreases, indicating
improved symmetry, while kurtosis stabilises. Besides,
confidence intervals for the mean and standard deviation
narrow with larger sample sizes but widen with higher
contamination levels.

Finally, this study demonstrates the use of bootstrap BCa
confidence intervals for assessing the bounds of the mean and
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standard deviation under various contamination scenarios. As
expected for the cases with uncontaminated data, Table I

Table 1. 95% Confidence intervals of Rén for cases without
contamination data

indicates that the range of the confidence intervals for the mean n Observed BCa (95%) Range
and standard deviation of Rén narrow as sample size increases, 20 mean 0.0762 (0.0748, 0.0802) 0.0054
with ranges decreasing from about 0.0054 to 0.0010. On the standard 0.0972 (0.0939,0.1011) | 0.0072
other hand, for the cases with contaminated data, Tables II - V deviation
show similar trends to those for cases with uncontaminated 40 mean 0.0355 (0.0325,0.0351) | 0.0026
data. However, the range of the confidence intervals for the standard 0.0475 (0.0470,0.0490) | 0.0020
mean and standard deviation of R3_ are wider, especially with deviation
. R Qn ’ 100 mean 0.0128 (0.0123, 0.0133) 0.0010
higher contamination percentages. standard | 0.0179 | (0.0171,0.0189) | 0.0018
deviation
Table II. 95% Confidence Intervals of Rén For Cases Logistic (0, 0.2) Contaminants
n Contamination Observed BCa (95%) Range
20 mean 5% 0.9633 (0.9626, 0.9641) 0.0015
25% 0.9503 (0.9492, 0.9513) 0.0021
50% 0.9375 (0.9363, 0.9387) 0.0024
standard deviation 5% 0.0268 (0.0254, 0.0285) 0.0031
25% 0.0384 (0.0369, 0.0404) 0.0035
50% 0.0438 (0.0421, 0.0456) 0.0035
40 mean 5% 0.9805 (0.9801, 0.9809) 0.0008
25% 0.9674 (0.9668, 0.9681) 0.0013
50% 0.9564 (0.9557, 0.9571) 0.0014
standard deviation 5% 0.0133 (0.0126, 0.0141) 0.0015
25% 0.0232 (0.0223, 0.0242) 0.0019
50% 0.0273 (0.0264, 0.0283) 0.0019
100 mean 5% 0.9920 (0.9919, 0.9922) 0.0003
25% 0.9789 (0.9785, 0.9792) 0.0007
50% 0.9668 (0.9663, 0.9672) 0.0009
standard deviation 5% 0.0047 (0.0045, 0.0049) 0.0004
25% 0.0133 (0.0129, 0.0138) 0.0009
50% 0.0160 (0.0156, 0.0164) 0.0008
Table III. 95% Confidence Intervals of Ré For Cases Logistic (2, 0.2) Contaminants
n Contaminant Observed BCa (95%) Range
20 mean 5% 0.9635 (0.9627, 0.9642) 0.0015
25% 0.9319 (0.9303, 0.9335) 0.0032
50% 0.8704 (0.8681, 0.8725) 0.0044
standard deviation 5% 0.0282 (0.0264, 0.0304) 0.0040
25% 0.0592 (0.0567, 0.0619) 0.0052
50% 0.0804 (0.0783, 0.0828) 0.0045
40 mean 5% 0.9810 (0.9807, 0.9814) 0.0007
25% 0.9497 (0.9486, 0.9508) 0.0022
50% 0.8687 (0.8670, 0.8704) 0.0034
standard deviation 5% 0.0123 (0.0117, 0.0130) 0.0013
25% 0.0390 (0.0375, 0.0406) 0.0031
50% 0.0624 (0.0610, 0.0639) 0.0029
100 mean 5% 0.9923 (0.9921, 0.9924) 0.0003
25% 0.9635 (0.9628, 0.9642) 0.0014
50% 0.8597 (0.8585, 0.8609) 0.0024
standard deviation 5% 0.0042 (0.0041, 0.0044) 0.0003
25% 0.0237 (0.0229, 0.0246) 0.0017
50% 0.0431 (0.0421, 0.0441) 0.0020
MJoSHT Vol. 12, No. 2 (2026) 124



Table IV. 95% Confidence Intervals of Rén For Cases Logistic (2, 1) Contaminants

n Contamination Observed BCa (95%) Range

20 mean 5% 0.9643 (0.9634, 0.9649) 0.0015
25% 0.9639 (0.9630, 0.9646) 0.0016

50% 0.9639 (0.9631, 0.9646) 0.0015

standard deviation 5% 0.0268 (0.0252, 0.0284) 0.0032

25% 0.0287 (0.0267, 0.0311) 0.0044

50% 0.0268 (0.0255, 0.0284) 0.0029

40 mean 5% 0.9815 (0.9812, 0.9819) 0.0007
25% 0.9813 (0.9809, 0.9816) 0.0007

50% 0.9815 (0.9811, 0.9818) 0.0007

standard deviation 5% 0.0122 (0.0115, 0.0129) 0.0014

25% 0.0124 (0.0117, 0.0133) 0.0016

50% 0.0115 (0.0110, 0.0121) 0.0011

100 mean 5% 0.9927 (0.9926, 0.9928) 0.0002
25% 0.9924 (0.9923, 0.9925) 0.0002

50% 0.9924 (0.9922, 0.9925) 0.0003

standard deviation 5% 0.0041 (0.0039, 0.0043) 0.0004

25% 0.0044 (0.0042, 0.0046) 0.0004

50% 0.0043 (0.0042, 0.0045) 0.0003

Table V. 95% Confidence Intervals of Rén For Cases Normal (3, 0.2) Contaminants

n Contamination Observed BCa (95%) Range
20 mean 5% 0.9625 (0.9617, 0.9632) 0.0015
25% 0.9124 (0.9096, 0.9148) 0.0052

50% 0.7337 (0.7297, 0.7378) 0.0081

standard deviation 5% 0.0283 (0.0269, 0.0298) 0.0029

25% 0.0920 (0.0881, 0.0961) 0.0080

50% 0.1444 (0.1418, 0.1470) 0.0052

40 mean 5% 0.9810 (0.9806, 0.9813) 0.0007
25% 0.9384 (0.9367, 0.9400) 0.0033

50% 0.6863 (0.6830, 0.6896) 0.0066

standard deviation 5% 0.0124 (0.0118, 0.0131) 0.0013

25% 0.0606 (0.0576, 0.0637) 0.0061

50% 0.1191 (0.1170, 0.1211) 0.0041

100 mean 5% 0.9921 (0.9919, 0.9922) 0.0003
25% 0.9619 (0.9611, 0.9627) 0.0016

50% 0.6320 (0.6299, 0.6342) 0.0043

standard deviation 5% 0.0045 (0.0043, 0.0047) 0.0004

25% 0.0291 (0.0278, 0.0308) 0.0030

50% 0.0938 (0.0923, 0.0953) 0.0030

IV. CONCLUSIONS

The study confirms the robustness of the correlation
measure based on the Qn estimator under contamination. It
highlights the influence of contamination type, percentage,
and sample size on distribution properties and confidence
intervals. The results obviously show that the presence of
logistic and normal contaminants significantly impacts the
distribution and confidence intervals of the statistic. Logistic
contaminants increase skewness and decrease the mean with
higher contamination. Meanwhile, normal contaminants
improve symmetry and reduce variability as contamination
increases. Confidence intervals become narrower with larger
sample sizes but are sensitive to contamination levels. The
results obtained are also used to verify that the bounds of the
correlation measure are always less than 1. Overall, the results

MJoSHT Vol. 12, No. 2 (2026)

support the robustness of the estimator and the effectiveness
of bootstrap methods in inference. Future research may
explore further contamination scenarios and refine bootstrap
techniques for improved accuracy.
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